Abstract-A relaying scheme that uses both radio frequency (RF) and free space optical (FSO) links is investigated. In the proposed quantize and encode relaying (QER), a mobile source broadcasts the RF signal using quadrature amplitude modulation (QAM). The relay estimates and quantizes the log-likelihood ratio (LLR) of each received bit in the symbol and transmits the corresponding information to the destination through a high-speed FSO link or through a hybrid FSO/RF link. Relaying of multiple bits through high-speed FSO links improves RF spectrum utilization over systems where both the source and the relay transmit using RF signals. Exploiting the high available unlicensed bandwidth of the FSO links, the relay can even encode the LLRs using a channel code. Multiple encoded bits can then be mapped to FSO or hybrid FSO/RF symbols. The performance of the proposed system is analyzed, and it is shown that optimal symbol mapping can provide improvements of several decibels over conventional FSO transmissions that employ ON and OFF for binary ones and zeros, respectively. The system is found to achieve full diversity in fading FSO and RF channels.
I. INTRODUCTION
A S the vehicular communication technologies rapidly grow in the coming years, there will be demands for more radio frequency (RF) spectral resources [1] , [2] . Unfortunately, a wireless spectrum is a limited natural resource, and the growing demands on its usage in various applications will eventually put constraints on developing future high data rate systems. One approach to relieve the pressure on the RF spectrum is to utilize the available free space optical (FSO) spectrum that has enormous unlicensed bandwidths. However, direct FSO links from moving vehicles are highly challenging to develop due to accurate pointing requirements and the associated elaborate mechanical arrangements [3] , [4] . Therefore, our work in this paper proposes an indirect use of the FSO spectrum for vehicular communications via relay links so that this vast untapped spectral resource can be utilized. Relay-based algorithms have been developed and extensively studied in the literature for RF wireless channels over the past few years, and the benefits are well documented [5] , [6] . The amplify-and-forward (AF) scheme is simple to implement, but it amplifies noise along with the signal. A conventional detectand-forward (DF) scheme can completely eliminate noise at the relay if the relay can make perfect detections. However, detection errors at the relay degrade performance significantly. The performance of DF can be improved by letting the relay forward the information only if the received signal-to-noise ratio (SNR) is above a certain threshold. For such a system, a detailed error probability analysis is given in [7] , where an expression for the threshold SNR is also derived. The performance of this approach at high SNR significantly depends on this threshold SNR value. The optimal threshold SNR calculation involves knowledge of the error probability at the destination.
It is well known that the performance of DF-type techniques can be significantly improved by relaying soft information. Examples include the mutual-information-based forwarding in [8] and the minimum-mean-squared-error-based soft information forwarding in [9] . In [10] quantization of log-likelihood ratios (LLRs) and forwarding the quantized versions of these LLRs to the destination is considered. LLRs at the relay are also used for symbol selective transmission in [11] . In this approach, the source symbols received at the relay are forwarded by the relay only if their LLRs are greater than a threshold value.
Recently, in parallel to the development in the RF area, relaying techniques for FSO communication have also been investigated by several researchers. One important difference between RF and FSO relay networks is due to the nonbroadcast nature of FSO links, where a source has to spend additional dedicated power to deliver the signal to the relay. In [12] , multirelay serial and parallel relaying configurations have been studied for fading mitigation in lognormal (LN) FSO channels. In [13] , a single-relay DF scheme for noncoherent FSO communications is studied. The results show enhanced diversity orders despite separate power allocation from the source to the relay. An FSO multiple parallel relay configuration without a direct link between the source and the destination is also studied in [14] , and analytical expressions for the outage performance are derived using the gamma-gamma (GG) channel model. DF relaying for FSO is also studied in [15] and [16] . Other works in FSO relaying include the dual-hop FSO links with an all-optical AF relaying scheme of [17] .
This paper focuses on a three-node mixed RF/FSO relay network where the source transmits using RF signals while the relay uses FSO or hybrid FSO/RF links. When the relay uses an FSO link, it does not interfere with the RF link, and thus, 0018-9545 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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data transmission from the source can be seamless, and the RF spectral efficiency is doubled over a half-duplex system. The use of three-node dual-hop mixed RF/FSO relay networks has already been considered in [18] , where the relay converts the received electrical signal directly into an optical signal and uses subcarrier intensity modulation for relaying. This system is thus similar to an AF scheme with associated problems. This idea has been extended in [19] to study ergodic capacity and the behavior of the overall link SNR. Further extensions include the pointing error effects considered in [20] and the M -distributed FSO fading studied in [21] . A similar idea is also explored in [22] , which considers an RF link from a satellite to a ground relay station, followed by a relay-to-destination FSO link. While the aforementioned papers study mixed RF/FSO relays with an AF scheme, we proposed in [23] a three-node network where the FSO link was used for relaying the quantized LLR values. As the FSO link speed is usually several orders of magnitude higher than the RF data speed, relaying of multiple bits during one symbol period of the RF link is possible, and the residual FSO capacity can still be utilized for other users. Since the overall data delivery rate is dependent on RF signaling, this approach also allows the FSO bits to be spread over time to exploit any available FSO temporal diversity. However, [23] considers only binary phase-shift keying (BPSK) modulation, and the use of the available FSO capacity through introduction of forward error correction (FEC) code at the relay was unexplored.
Our work in this paper is a significant extension of our previous work in [23] in four respects. First, the source transmits quadrature amplitude modulation (QAM) symbols instead of BPSK as in [23] , and accordingly, error performance analysis for the QAM symbols is derived. QAM improves bandwidth efficiency of relay networks significantly and has been recently studied for RF relays, e.g., [24] and [25] . Second, we consider the use of FEC codes in the relay-to-destination link. Since FSO links can allow much higher data rates, additional FEC overhead transmission through the FSO link does not degrade RF spectrum utilization. Third, we consider the use of a parallel FSO/RF relay-to-destination link. Although such hybrid links are studied in the literature, e.g., [26] - [28] , for point-to-point communications, their use in relay networks has not been studied. The use of both FSO and RF links can add robustness to the system performance as the two links behave differently under different weather conditions [4] . Finally, we consider optimal symbol mapping in the relay-to-destination link using the bitinterleaved coded modulation with iterative decoding (BICM-ID). New error analysis results involving different symbol types, i.e., FSO symbols and hybrid FSO/RF symbols, in the relay-to-destination link are derived. Our end-to-end bit-errorrate (BER) results show achievement of full diversity. Multiple decibels of RF SNR gain is also obtained by using optimized symbol mapping in the relay-to-destination link.
II. CHANNEL MODELS
A three-node network consisting of a source (S), a relay (R), and a destination (D) is considered, as shown in Fig. 1 . The source transmits information using an RF signal, which is received by both the relay and the destination. The R−D link is either an FSO link or a hybrid parallel FSO/RF link. Thus, the relay first needs to detect the received signal from the source, and then, it remodulates using on-off keying (OOK) of a laser source for relaying the signal to the destination. In addition, if the R−D link is hybrid FSO/RF, the relay remodulates symbols using both the FSO and the RF links. The relay and the destination are equipped with both RF and FSO signal processing units. To achieve high spectral efficiency, the source uses QAM symbols. The S−R, S−D, and R−D distances are denoted by d SR , d SD , and d RD , respectively.
A. S-D and S-R Links
The S-D and S-R links are RF. The source maps a group of bits b i , i = 1, 2, . . . , m, to a complex M -QAM symbol x = (x I + jx Q ) ∈ M x , where m = log 2 M represents the number of bits per symbol and M x is the set of QAM symbols. The signals received by the destination and the relay are, respectively, given by
where 
B. R-D Link
The FSO R−D link uses OOK modulation. Each FSO bit x (o) ∈ {0,1} transmitted by the relay is received at the destination and converted into an electrical signal
where RD is assumed to be zero-mean AWGN with variance σ 2 o . The loss factor h l is given as [14] , [29] 
where D t and D r are the transmitter and the receiver aperture diameter, respectively; θ t is the optical beam's divergence angle (in mrad); d RD is the path distance (in kilometers); and σ a is the weather-dependent attenuation coefficient (AC) (in per kilometers). The FSO turbulent channel can be modeled as LN or GG depending on the strength of turbulence. Under the LN model, the probability density function (pdf) of h
where σ 2 x is the variance of the log amplitude of the optical intensity, which is Gaussian. For stronger turbulence, a GG model is more suitable and is given by f h
where Γ(.) is the gamma function, K v is the modified Bessel function of the second kind and order v, the parameters α and β in the absence of inner scale effect [30] are given by the following expressions:
and σ 2 R is the Rytov variance, which represents the strength of the turbulence.
In the case of a hybrid FSO/RF R−D link, the RF component of the link is modeled by the received signal
where x (r) is the RF transmitted symbol by the relay, 
where (·) * denotes complex conjugation, Re(·) denotes the real part, and χ (10) is obtained using the Gaussian pdf expression for y SR , along with the wellknown approximation, i.e., log( j exp(−λ j )) ≈ − min j λ j . The relay quantizes Λ SR (b i ) using a k-bit quantizer by approximating Λ SR (b i ) to one of the q = 2 k quantization levels. The corresponding k bits are then transmitted by the relay through a high-speed FSO link or a hybrid FSO/RF link.
Let the quantized levels be L 0 , L 1 , . . . , L q−1 with q/2 levels placed below zero and the remaining above zero. Let
If the LLR at the relay is perfectly made available at the destination, then it can be easily shown that the maximum-likelihood (ML) detection requires computing
Two relay schemes are considered: 1) The relay directly transmits the k bits for each L j . No additional FEC code is used at the relay. 2) The relay encodes the LLR bits using a convolutional code of rate R c . The coded bit sequence is then transmitted through the FSO or the hybrid FSO/RF link. The schemes and their performance investigations are summarized in Fig. 2 . The comments given in Fig. 2 on numerical results will be addressed in Section V.
A. Forwarding With No Relay-Added FEC Overhead
The k data bits corresponding to the quantized LLRs at the relay are directly mapped to the optical and/or RF symbols and transmitted over the respective links. In the case of a hybrid link, a fraction ξ (o) of the total bits to be transmitted by the relay is sent through the FSO link, and the remaining fraction RD , respectively. The FSO and RF bits are estimated using these LLRs. The estimated bits from the two links are then jointly used to find the quantized LLR L j , which is then substituted in (11) to estimate the bits transmitted from the source.
B. Forwarding With Relay-Added FEC Overhead
In this case, the data bits corresponding to the quantized LLRs at the relay are first encoded using a convolutional code of rate R c followed by a pseudorandom interleaver. Each symbol received at the relay generates mk/R c bits. A symbol mapper design to map these bits to a multidimensional symbol is numerically complex. Therefore, we divide the encoded and interleaved bits into two groups: 1) each group of m 1 bits forming a hybrid FSO/RF symbol and 2) each group of m 2 bits forming additional FSO symbols. elements from the set {0,1}, and x (r) is a complex M -QAM RF channel symbol containing m (r) bits [31] . Each hybrid symbol transmission is accomplished by m (o) bit transmissions through the FSO link using OOK and one transmission through the RF link. Each FSO symbol transmission requires m 2 uses of the FSO link using OOK.
At the destination, the received signal from the relay is decoded using an iterative decoder [31] , and the decoded bits are then used to reconstruct the quantized LLRs L j . Substitution of L j in (11) gives the bit decisions at the destination.
C. Timing Synchronization Issues With Multiple Link Speeds
As the modulation formats and the associated link speeds are different for the S-R and the R-D links, it is important to analyze the timing synchronization issues.
1) Relaying With an FSO Relay-to-Destination Link:
The transmission time is divided into slots of equal duration T s , as shown in Fig. 4 . The source first broadcasts the ith symbol, i ≥ 1, in the ith time slot. During the (i + 1)th time slot, the relay transmits the LLRs of the ith symbol using the FSO link. Since the FSO data rate is higher than the RF data rate, the relay will utilize only a small fraction ρ (o) of the time slot, given by
T s of this slot in the FSO link can be used by other users. For the proposed scheme to work, we must have ρ (o) ≤ 1. This implies that the FSO bit rate (i.e., 1/T b ) must be at least k/R c times higher than the source bit rate. For example, for q = 8 and R c = 1/2, data transmission at 25 Mb/s from the source will require an FSO link that can support data rates at least at 150 Mb/s.
Since the R-D FSO link does not interfere with the RF link used by the source, the system is full-duplex, and the source and the relay transmit during all time slots. Thus, during the ith slot, the source transmits the ith symbol, whereas the relay transmits the LLRs for the (i − 1)th symbol, i > 1.
2) Relaying With a Hybrid FSO/RF Relay-to-Destination Link: Each source symbol produces k log 2 M/R c bits at the relay. In the case of a hybrid FSO/RF R-D link, the R-D RF link must transmit kξ (r) log 2 M/R c bits over the time slot duration of T s to avoid relay backlogs. Therefore, the R-D RF link bit transmission rate must be at least kξ (r) /R c times the source bit rate. Similarly, the FSO bit rate must be at least kξ (o) /R c times higher than the source bit rate.
The transmission bandwidth of the R-D RF link, i.e., B
RD , is given by B is not allowed to exceed B SR , we will need kξ (r) /R c ≤ 1. If
RD . It is possible to reduce the R-D RF bandwidth B RD by using a small ξ (r) . This reduction may allow multiple users to share a common assigned RF bandwidth.
Due to the use of RF by the relay, the system can be fullduplex or half-duplex depending on the configuration. If the R-D RF and the S-R RF bands operate in the frequency-division multiplexing mode, the relay can be full-duplex. On the other hand, if the bands overlap, then the relay may operate in a halfduplex time division multiplexing mode. In this case, unlike the FSO-only R-D link scenario, only the source or the relay transmits for a given user during any given time slot. The FSO link can still be utilized for other users during all the time slots.
D. RF and FSO Transmit Energy Constraints
The RF energy consumption by the source and the relay depends on the code rate, quantization levels, and the fraction of the data transmitted through the RF R-D link. The average energy transmitted per source bit by the source and the relay is given by
Thus, the total RF energy spent per source bit is
Thus, for a given E T , there is a penalty for transmitting more RF bits by the relay. The RF SNR is defined as E T /N o . Similarly, there is also a penalty for transmitting more FSO bits, as we use 
IV. BIT ERROR RATE PERFORMANCE ANALYSIS
Here, we present the end-to-end BER analysis for the proposed quantize and encode relaying (QER) scheme. We mostly focus on 16-QAM signals in the RF link from the constellation Let
, and γ
The SNRs γ SD and γ SR are exponential random variables with pdf's
for z > 0, where z represents γ SD or γ SR , andz denotes the average SNRγ SD orγ SR , respectively.
A. QER Over R-D Link Without FEC Overhead
For a given h, the error probability for bit b at the destination is obtained as (14) whereL R = L j denotes the event that the relay quantizes the received LLR of bit b to L j , 0 ≤ j ≤ q − 1, and e j,m denotes the event that the transmitted LLR L j is decoded as L m by the destination. For example, in case of q = 4, if the relay transmits the bit sequence 01 representing the quantized LLR L 0 , and if during the transmission over the R-D link, the second bit is detected in error, then the destination interprets the received LLR as L 1 represented by bits 00. This corresponds to the event e 0,1 . Each term in (14) can be expressed as
where we use P (b = l) = 0.5 for l = 0,1.
Term I:
Since the event e j,m depends on how many bit errors occur during the transmission over the R-D link, it is independent of the eventL R = L j and b = l, and we can write
where P (e RD ) is the probability of bit error during the transmission over the R-D link, and ρ is the number of bit positions where the binary representations of L j and L m differ. For example, for q = 8, if the level L j is mapped to bit pattern 010 and L m is mapped to pattern 001, then ρ = 2. P (e RD ) is given by
where
RD ) is the probability of bit error in the FSO link and is given by
with
the R-D link is only FSO, then ξ (r) will be zero in (17) .
RD ) is the probability of bit error on the RF link, and for a 16-QAM, it can be calculated as [32] P e (r)
where 2d is the nearest neighbor distance in the constellation diagram.
, where we set L −1,0 = −∞ and L q−1,q = +∞. Since for given values of h SR , Λ SR is Gaussian, we can write (using Appendix A)
wherel can take the values of 1 or −1 as given byl = 2l − 1.
is Gaussian, which can be established in a similar way to Λ SR described in Term II, for a given value of h SD , we can write this probability as
Now using (16) , (20) , and (21) in (15), we can obtain P (e D ) from (14) . Finally, averaging (14) over the fading channels and using (15) P (e D ) = 0.5
where the "bar" denotes averaging over the fading channels. We next show that (22) can be simplified as given in (23) . Toward this end, observe that the quantized levels are symmetric about zero, and hence,
. Due to this symmetry property, we also have
. Thus, (22) divides into two equal parts due to symmetry, and the innermost summation can be eliminated to obtain
Note that we keep the condition as b = 1 in (23) for simplicity since the result is same for b = 0. To obtainP (e j,m ) in (23), we average P (e j,m ) in (16) over fading channels. Observing that the R-D link can be FSO or hybrid FSO/RF, we get
Expression (24) can be numerically evaluated by substituting the values of P (e (18) and (19), respectively. If the R-D link is an FSO-only link, then ξ (r) = 0. In that case, further simplification can be obtained as
It can then be approximated for three different cases (see [23] and [33] ). Case 1: For ρ = 0
Case 2: For 0 < ρ < k
Case 3:
Of the two remaining factors in (23),P (e D |L R = L j , e j,m , b = 1) can be obtained from (21) as
and finally, the last factor in (23) is obtained by averaging (20) over the Rayleigh fading channel and using
1) Closed-Form Expressions:
We next present closed-form expressions for (29) and (30) . Toward this end, we define
where μ 0 > 0, μ 1 is any real number, and f (γ) is the pdf (13) with γ = z andγ =z. It is observed that all the integral terms in (29) and (30) can be expressed in the form of (31). For example, substituting μ 1 = L m in (31), and γ = γ SD along with μ 0 = 4, 36, and 100, respectively, provides all the three integrals in (29) . Depending on the sign of μ 1 , we consider two cases. 
Multiplying both sides of (34) by 1/γ, and recalling (31) for μ 1 > 0, we get
The integral on the right-hand-side of (35) is given by (32) with μ 1 replaced by |μ 1 |, and hence, we get (for μ 1 < 0)
We can now rewrite (23) using (29), (30) , (32) , and (36) as
2) High-SNR Approximation: The factor μ 0 has the multiplying effect onγ, and hence, the dominating terms in (37) at high SNR will involve only μ 0 = 4. Thus, we can approximate (37) at high SNR as
Observe that (32) can be approximated as exp(
. Finally, when μ 1 = −∞, (36) becomes 1. We thus interchange the summations in (38) and explicitly separate out the j = q − 1 term from the j summation to simplify (38) for high SNR as
where I x is an indicator function that takes the value of 1 when x is true, and it is zero otherwise. For a good FSO link when the R-D link error probabilities,P (e q−1,m ) for m < q − 1, are very low (usuallyP (e q−1,m ) 1/γ SR ), it has been numerically observed that the effect of the critical term in (39) becomes negligible (given a high L q−1 for high RF SNR to suppress the effect ofP (e q−1,q−1 ) ). In that case, 1/γ SR factors out from the summation over j and joins 1/γ SD at the front, giving full diversity from the S-D and S-R links. This motivates us to explore error performance improvement in the R-D link in the next section using FEC and hybrid FSO/RF links.
Finally, the selection of the quantized levels, mappings of the bits to the quantized levels, RF SNRs, as well as the FSO link SNR control the error probability in (37) and (39). To find the bit mappings and the optimal quantized levels, we have used an orthogonal evolutionary algorithm (OEA) given in [35] . The mappings to quantized levels are obtained as follows: 1) for q = 4: 01, 00, 11, and 10, respectively, for 5223 . Finally, it is to be noted that although increasing k(= log 2 q) will represent the LLRs more accurately, the performance will start degrading after a certain value of k due to several factors. First, as k increases, each bit from the relay will get less energy due to the transmit energy constraint. Second, the LLRs received at the relay are noisy, and a higher k will include the noise effects. Third, the additional bits due to a larger k will encounter noise and distortion in the R-D link, and they also raise the bandwidth requirement in the R-D link.
B. QER Over R-D Link With FEC Overhead
In this case, the bit error probability expression at the destination is still given by (37) . However,P (e j,m ) in (37) will be different and is derived next in this paper. Although the derivation follows [31] , the work presented here generalizes [31] by considering multiple symbol types, unlike only one symbol type (i.e., hybrid symbol) considered in [31] .
Let X be the true symbol sequence sent by the relay, and letX be the erroneous sequence with a Hamming distance d between the true and the erroneous codeword sequences. To keep the notations simple, assume that there are only two types of symbols, i.e., hybrid and FSO, as shown in Fig. 3 . Extending to different types of symbols is straightforward. We assume that a symbol can have at most one bit error as in [36] , which is valid at high SNR. Let d 1 be the number of hybrid erroneous symbols, and thus,
and 
is the RF (FSO) part of the ith erroneous symbol corresponding to the true RF (FSO) symbol
. It is shown in [31] that the conditional pairwise error probability between X and X is
The integrand in (40) splits into RF and FSO factors. The RF factor
, after averaging over the independent Ricean random RF channels, gives
, as in [31] . Note that for FSO symbols, X (r) (i) =X (r) (i) = 0 as no RF symbol is transmitted, implying ξ (r) (i) = 0, and hence, R i = 1. Using the RF averaged result (41) and recognizing that an error can occur in any of the bits in a symbol, the integrand in (40) can now be averaged over the FSO channels and expressed as
where ν = 1 and 2 refer to hybrid and FSO-only symbols, respectively, U ν,j is the set of erroneous symbol indices such that only the jth bit label in those erroneous symbols is in error, and m = max(m 1 , m 2 ). Note that U ν,j can be a null set for some of the j values, in which case that factor is ignored. Each factor associated with the set U ν,k in (42) represents contribution due to error in the kth bit in a symbol, hybrid (ν = 1) or FSO (ν = 2) and can be evaluated as
wherem = m 1 for ν = 1, and
2 , and K is the Rice factor for the Ricean faded RF channel. In addition, note that R 2,k = 1 for all k. The summation in (43) includes all errors between the true symbol x and the erroneous symbolx (k) that has its kth bit label in error. Finally, averaging (40) over the RF and FSO fading channels, we can write
where w = [w 1,1 , . . . , w 1,m 1 , w 2,1 , . . . , w 2,m 2 ] represents the error events with w ν,k denoting the output weight from a hybrid (ν = 1) or an FSO symbol (ν = 2) with the kth bit in the symbol being in error.
To find the bit error probability, we find the error bound similar to that given in [31] , i.e.,
where A(w) is the total information weight covering all the error events with output weight w, and k c is the data block length. Now, the average P (e j,m ) can be found by using (16) and averaging over random fading channels as
Finally, we can find the bit error probability at the destination by substituting (46) in (23) . In the case of a pure FSO R−D link, the expression for the averageP (e RD ) can be found by setting w 1,k = 0 for all k.
V. NUMERICAL RESULTS AND DISCUSSION
In the numerical results, we use d SD = 1000 m, d SR = 400 m, d RD = 600 m, and ν = 3. For the R−D FSO link, D t = 20 cm, D r = 20 cm, and θ t = 10 mrad. The weather-dependent AC for the FSO link is chosen as described in [29] . We assume σ x = 0.3 for the LN fading channel. For the selected parameters, the SNR (G
at the destination without turbulence is 30.8 dB for k = 2, R c = 1, and P o = 100 mW. In the case of a hybrid FSO/RF R-D link, we consider Ricean fading for the R-D RF link, and the Rice factor is K = 6 dB. In all the relay-added FEC results, a rate-1/2 convolutional code with encoder polynomials [15, 17] in octal notation is used, the data packet length is kept as 1000 bits, and the destination uses iterative decoding with eight iterations.
Figs. 6-8 show the BER performance of the proposed QER scheme with no relay-added FEC overhead. The quantization levels L j , 0 ≤ j ≤ q − 1, used at each SNR (E T /N o ) are obtained by optimizing the cost function based on the analytical BER given in (23) . Figs. 6 and 7 show BER performance for an FSO transmit power of 100 and 40 mW, respectively. The performance of a genie-aided maximal ratio combiner (MRC) that assumes the relay LLRs to be perfectly available directly at the destination is also used for comparison. The genie-aided MRC combines the LLR Λ SR (b i ) from the S-R link directly with the S-D LLR Λ SD (b i ) for detecting each bit b i . To see the effect of using higher order modulation for RF transmission, we also include the results for the QER scheme using BPSK modulation and 64 QAM. The BER performance of QER using 16 QAM for the RF link approximately degrades by 3 dB, as compared to BPSK modulation. For the 100-mW FSO link, the BER performance with q = 8 is very close to the ideal MRC. The DF analytical expressions used in Fig. 6 are derived in Appendix B. Fig. 7 shows that lowering the FSO R-D link power by nearly 4 dB (with respect to Fig. 6 ) still provides close to genie-aided MRC performance until a BER of about 10 −5 , but degradation over the genie-aided MRC occurs for much lower error rates. The low power used in Fig. 7 (compared to Fig. 6 ) degrades the FSO link and relatively raises the effect of the critical term in (39) causing diversity loss at high RF SNR. Fig. 8 compares the performance of uncoded QER scheme using FSO-only and hybrid FSO/RF R-D links for different ACs, as given in [37] . It is observed that for clear air (σ a = 0.1) and haze (σ a = 2), the FSO link is reliable and performs better than the hybrid link for the RF SNR range shown. As the FSO link degrades, for mild fog (σ a = 5), the hybrid R-D link performs better than the FSO-only link by approximately 2 dB at 30 dB RF SNR. For σ a = 0.1, full diversity is achieved by both FSO and hybrid links. As the FSO link deteriorates, the diversity gain diminishes. contrast it against the weaker turbulence. Optimized mappings are obtained using the OEA algorithm with the EXIT chart as the cost function [35] and running the OEA for 1000 iterations withγ Table I , obtained atγ (o) RD = 2 dB using the EXIT chart. Conventional mapping in the figure uses ON and OFF for bits 1 and 0, respectively, without clustering bits into symbols. In the case of the hybrid R-D link, for each QAM symbol received at the relay, the relay needs to transmit 24 bits over the R-D link. For every 16-QAM received symbol, the optimized symbol mapping at the relay transmits one hybrid symbol consisting of four RF and four FSO bits, i.e., m 1 = 8, as well as four optimized FSO symbols (see Table I ), each symbol carrying four FSO bits, as shown in Fig. 3 . Conventional symbol mapping for the hybrid link case refers to independent symbol transmissions over the two links with Gray-mapped 16-QAM RF symbols and OOK FSO transmissions. Several comments can be made: 1) The benefits of using optimized mappings over conventional mapping are evident for both FSO-only and hybrid R-D links. More than 10-dB gain in RF SNR is observed by using optimized mapping for the FSO R-D link for weak turbulence. In the case of the hybrid link, more than 15-dB gain is obtained by using the optimized mappings.
2) The optimal mapping allows full diversity, even with much less FSO power (compared to Fig. 8 ) in weak turbulence. 3) When the turbulence strength increases, the FSO-only link loses diversity, whereas a hybrid R-D link can still provide nearly full diversity, giving more than 12-dB gain over an FSO-only link at a BER of 10 −4 . To validate the analytical expression (46), we show BER results in Fig. 10 for smaller values of M = 4 and q = 4, so that the sequence length of w is relatively small in (45), giving low numerical complexity. Hybrid links show benefit over FSOonly links when the FSO link deteriorates, and thus, we keep P o low at 4 mW. The optimized symbol mapping is obtained by sending 4-bit hybrid symbols, with m (o) = 2 and m (r) = 2, and 4-bit FSO symbols (see Table I ). The optimized symbol mappings are obtained using the EXIT chart as in Fig. 9 . The analytical results show excellent agreement, and the hybrid link with optimized symbols provides more than 10-dB gain in RF SNR for the range of turbulence conditions shown.
Finally, Fig. 11 compares the BER performance of the QER scheme using a hybrid FSO/RF R-D link, where the FSO link is modeled as a block-fading GG channel. The FSO transmit power is kept at P o = 40 mW and q = 8. Due to a slowly changing FSO channel, knowledge of γ (o) RD is assumed at the relay. Optimized symbols are designed with m 1 = 8 and m 2 = 4, as in Fig. 9 . However, since the mapping design depends on the SNR and the whole packet undergoes the same fading state h Fig. 9 , although improvement may be possible by using more than three optimized mappings.
VI. CONCLUSION
In this paper, we have analyzed the error performance of a three-node relay network that uses both RF and FSO links. The source transmits RF signals using QAM symbols. The relay first quantizes the LLRs of the received bits in each symbol, and then, the quantized LLR values are relayed to the destination using FSO or hybrid FSO/RF links. Relaying without FEC code and relaying with FEC code are analyzed. It is observed that gains in terms of multiple decibels can be obtained by finding optimal symbol mapping in the relay-to-destination link. The use of multiple bit transmission through the FSO relaying link does not cost RF spectrum usage, and hence, the proposed system can increase the RF spectral utilization significantly. Optimized symbol mappings allow achievement of full diversity, even in the presence of harsher FSO channels.
APPENDIX A DERIVATION OF (20) Let B i denote the event that the ith bit of the symbol is selected. Then, we can write
where l takes the value of 0 or 1.
If b 1 = 1, then the real part of the transmitted symbol x I can be either −d or −3d, and if b 1 = 0, then x I can be either +d or +3d. For i = 1, l = 1, and
Note that Λ SR (b 1 ) is Gaussian for the given value of h SR . This is because for a given bit i = 1, the two constellation symbols in χ 
Similarly, for i = 1, l = 0, and
Repeating the aforementioned procedure for i = 1, b 1 = 1, and
and for i = 1, b 1 = 0, and
We can also see from 
, which can be obtained as
Using (54) and (55) in (47), we get (20) .
APPENDIX B DF RELAYING
We derive the bit error probability expression at the destination for the DF scheme. For simplicity, we consider only FSO link between the relay and the destination. In DF, the relay performs coherent ML demodulation, i.e., , is the LLR for the R-D link, and Λ e = log(1−P (e R )+P (e R ) exp(−Λ RD ))/(1−P (e R ) +P (e R ) exp(Λ RD ))) is an extra term that includes the effect of relay detection error probability P (e R ). Finally, the signal at the destination is detected as Λ DF ≷ 1 0 0. In the DF error analysis, we ignore the third term Λ e in (57), and thus, the analysis is strictly an upper bound on the ML detection. For a given h, the bit error probability at the destination is obtained as P (e D ) = P (e D |e R )P (e R ) + P (e D |e 
where e c R denotes the event of no error at the relay, and the probability that a bit error occurs at the relay is given by the right-hand side of (19) 
Averaging over the channel h, we get the average error probability at the destination as 
whereP (e R ) is given by [32] P (e R ) = 
